
SEPTEMBER 1987 TECHNICAL NOTES 1261

Exact and Asymptotic Expressions
of the Lift Slope Coefficient

of an Elliptic Wing

Aharon Hauptman*
California Institute of Technology

Pasadena, California

Asymptotic Expresssions
Steady Lift

By using the following expansions for k<\\

Introduction

A NEW analytical treatment has recently been presented
for the classical lifting surface problem of an elliptic plan-

form in incompressible steady1 and unsteady2 flow. Based on
the expansion of the linearized acceleration potential in a
series of ellipsoidal harmonics, the analysis led to very simple
closed-form expressions for the aerodynamic coefficients in
terms of the arbitrary aspect ratio. These exact expressions can
be easily expanded into asymptotic forms to any order of the
aspect ratio or its inverse for both high and low aspect ratios,
respectively. The purpose of this Note is to obtain these
asymptotic expressions and to compare them with other ex-
isting approximations.

The Exact Solution
We reproduce here only some of the final results of the

analysis; for details, see Refs. 1 and 2.
The steady lift slope coefficient of an elliptic wing is1

E2(h)

1+- — (1)
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The starting lift slope coefficient of an elliptic wing impul-
sively accelerated from rest is given by2

-LS 2[fc+(arcsin/i)/7i]

CLS 2{k+(k*/h)\og[(h+l)/k]} —— (2)
7T

where h denotes the eccentricity of the elliptic planform,
£= (l-/z2)1/2, and E(h) is the complete elliptic integral of
the second kind. The aspect ratio A is related to k by
A=4/(irk) for A>4/ir and by A=4k/ir for A<4/ir. Both
ranges of high and low aspect ratios correspond to k<\.

Since the above expressions are valid in the whole range of
aspect ratios between zero and infinity, their asymptotic ex-
pansions to any order of A or \/A may be useful in testing
the accuracy of corresponding expansions resulting from
various approximate schemes.

arcsin/z//* = —— k + —- k2

(3)

we may easily obtain the asymptotic expressions for the
steady lift slope to any desired order of k. Hence, for high
aspect ratios, the fourth-order expansion may be written as

16 [b\og(irA)-c]A -2

~3 +eA (4)

where

</=256/(37r4)

e = - 64
lOg2(7T,4 ) —— - —— - - (5)

The first two terms in the denominator' of Eq. (4) correspond
to the first-order well-known Prandtl lifting line theory. The
next term is similar to the one obtained by Van Dyke3 in his
higher-order lifting line theory, but with a different value of
the constant c[c = 7/8 in the original version,3 then c = 9/8
after a correction due to Kerney4 that is included in Eq.
(N30) of Ref. 5]. Kida and Miyai6 and Kida7 have shown
that the correct value is c = 1, which is confirmed again by
the present analysis. Comparisons with values of the con-
stants appearing in various previous asymptotic expressions
are given in Table 1.

It should be noted that Krienes8 derived his expression
from his lifting-surface analysis. Kida refined Krienes'
analysis in Ref. 9 and later obtained the corresponding third-
order asymptotic expression in Ref. 7. Both the Krienes and
Kida lifting-surface analyses required inversion of an infinite
set of linear equations (a different set for each A) in order to
derive the lift slope in contrast with the explicit equations (1)
obtained in Ref. 1. The values referred to as Helmbold's are
described by Jordan10 to result from Helmbold's approxima-
tion analysis.11 Jones'12 values may be easily derived from
his remarkably simple modification of the Prandtl lifting-line
result, which is given by

2**
a E(h)+2/A
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By using the expansion
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the following expansion is easily obtained from Eqs. (1) for

(ir/2)/A
(8)

The higher-order terms in Eq. (8) can be derived without dif-
ficulty. Equation (8) should be considered as a higher-order
approximation of the slender-wing theory, the first-order ap-
proximation of which was first given by Jones.13 Equation
(8) provides a fair approximation over a wide range of A.
For example, for the circular planform (A = 4/ir) it gives
1.8239, which is about 1.8% higher than the exact value and
very close to the value 1.82 usually quoted as the "exact"
result of Kinner's14 original analysis of the circular wing.

Equation (11) shows that, in the limit A-*Q, the starting lift
tends to the steady value (ir/2)/A and is always lower than
the steady lift for any finite A, as may be observed by di-
rectly examining the exact equations (2).

Conclusion
The closed-form expressions for the lift slope of the ellip-

tic wing may be asymptotically expanded for both low and
high aspect ratios to any order of the aspect ratio or its in-
verse. The asymptotic expansion for high A is identical up to
second order to the result of Kida and Miyai,6 but differs in
the third-order term from Kida's expansion.7 The corres-
ponding expansions for low A, as well as the expression for
the starting lift in unsteady motion, may be useful for ex-
amining various results of approximate methods.

Unsteady Lift
By using Eqs. (3) and (8), the following asymptotic expres-

sions are obtained for the starting lift slope of an impulsively
accelerated wing:
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+ A>1 (9)

Equation (9) should be compared to Jones15 approximate ex-
pression CLS/a = TT/E(h), which has the following asymp-
totic expansion:

(10)

The corresponding expansion of Eqs. (2) for A < 1 is

32
(log2-0.5M3 + ... (11)

Table 1 Comparison between the coefficients in different
asymptotic expressions of the type of Eq. (4)

Prandtl
Van Dyke5

Kida and
Miyai6

Kida7

1 _ __
1 1 9/8

1 1 1
1 1 1

_
—

—
(16/7T2)

_

—

—

—

Krienes8 63/64 1 7/4
Helmbold11 1 1/2-1/4
Jones12 1 1/2 1/2
Present

[Eq.(4>] 1 1 1

-1.5]

256/(37r4) ——4
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-1.510g(7T,4)
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